We present conditions for quadratic Diophantine equations of the form ax 2 − by 2 = ±1, (where 1 < a < b are integers) for which there are no solutions (x, y), yet for which there are solutions modulo n for all n ≥ 1. This generalizes work in the literature which follow as very special cases.
Introduction
Texts on the fundamentals of number theory, such as [3, p. 208] and [9, p. 207] , discuss the Diophantine equation 2x
2 − 219y 2 = −1 which has no integer solutions x, y, yet for which 2x 2 − 219y 2 ≡ −1 (mod n) has integer solutions for all moduli n ∈ N. In [9] , Nagell is credited with having proved the modular solvability as a deduction from a deeper theorem presented in [8] . However, in none of [3] , [8] or [9] is there any connection with the real reason underlying this phenomenon, namely the underlying continued fraction expansions of certain quadratic surds and related central norms which we will explain in the next section. More recently such results for px 2 − by 2 = −1 were generalized in [1] when p = 2, and for a general prime p in [5] , but only in the latter are the underlying continued fraction reasons provided. It is the intention herein to generalize to the case where a > 1 is any natural number.
Notation and Preliminaries
We will consider the simple continued fraction expansion of √ D, where D > 0 is not a perfect square, and whose period length we denote by = ( √ D) and whose partial quotients we denote by q j for j ≥ 0, where
, and q 1 q 2 , . . . , q −1 is a palindrome. The jth convergent of α for j ≥ 0 are given by,
where
The complete quotients are given by, (P j + √ D)/Q j , where P 0 = 0, Q 0 = 1, and for j ≥ 1,
1)
and
. We will also need the following facts (which can be found in most introductory texts in number theory, such as [3] . Also, see [2] for a more advanced exposition). When is even, P /2 = P /2+1 , so by Equation (2.1),
where Q /2 is called the central norm, (via Equation (2.2)), where
In the following (which we need in the next section), and all subsequent results, the notation for the A j , B j , Q j and so forth apply to the abovedeveloped notation for the continued fraction expansion of √ D.
Proof of the following elementary number-theoretic results may be found in most introductory texts on the subject such as [3] , for instance. 
has a solution we have Proof. This is a consequence of a more far-reaching result in [4] where detailed criteria for to be even, in terms of solvability of Diophantine equations such as the above, are provided. 2
Congruences & Quadratic solvability
In what follows the notation from the previous section is in force.
Theorem 3.1 Suppose that 1 < a < b are integers such that each of the following conditions hold.
1. a ≡ 7 (mod 8) .
b is a quadratic residue modulo a.
3. −a is a quadratic residue modulo b.
is the period length of the simple continued fraction expansion of √ ab with ab not a perfect square.
has no solutions x, y ∈ Z, whereas
has solutions x, y ∈ Z for all n ∈ N.
Proof. Since a ≡ 3 (mod 4), then by Equation (2.3), with D = ab, must be even. Therefore, since A −1 ≡ (−1) /2 (mod 2b), we may invoke Theorem 2.2 to conclude that Equation (3.18) is not solvable for any x, y ∈ Z. Now we show that Equation (3.19) is solvable for all n ∈ N. Clearly if n = 1, it is solvable for any x, y ∈ Z. By the Chinese remainder Theorem, it suffices to prove the result for n > 1 when n is a prime power.
If n = 2 α , for α ∈ N then, given that a ≡ −1 (mod 8), then by part 1 of Theorem 2.1, there exists z ∈ Z such that −a ≡ z 2 (mod 2 α ). Let z −1 be an integer which is a multiplicative inverse of z modulo 2 α , and set x = z −1 , and
Suppose that n = p α where p is an odd prime dividing a and α ∈ N. Part 2 of the hypothesis allows us to invoke part 2 of Theorem 2.1, so there exists 
This completes all cases and secures the proof. 2
The following illustrates both theorem 3.1 and the techniques in the proof for construction of solutions modulo n. Hence, the Diophantine equation
has solutions for all n ∈ N. Now we show how solutions may be constructed for Equation (3.8) . 
Now we put together the equations (3.8)-(3.11) via the Chinese Remainder Theorem to secure the values of x and y that are solutions to equation (3.7)
.
where n = 29645000. 
has no solutions (x, y), but
has a solution (x, y) for all n ≥ 1.
The following analogue of Theorem 3.1 is presented without proof since the arguments are the same. 
−b is a quadratic residue modulo a.
3. a is a quadratic residue modulo b.
An illustration of Theorem 3.2 is the following. 
has a solution (x, y) for all n ≥ 1. We conclude with a result for even a, the proof of which is omitted since it is entirely analogous to the above. has solutions x, y ∈ Z for all n ∈ N.
Immediate from this is the following result by Kimura and Williams. has integer solutions for all n ∈ N.
